It has been found that the quantum-to-classical transition can be observed independent of macroscopicity of the quantum state for a fixed degree of fuzziness in the coarsened references of measurements. Here, a general situation, that is the degree of fuzziness can change with the rotation angle between two states (different rotation angles represent different references), is researched based on the reason that the fuzziness of reference can come from two kinds: the Hamiltonian (rotation frequency) and the timing (rotation time). Our results show that, for the fuzziness of Hamiltonian alone, the degree of fuzziness for reference will change with the rotation angle between two states and the quantum effects can still be observed no matter how much degree of fuzziness of Hamiltonian; for the fuzziness of timing, the degree of coarsening reference is unchanged with the rotation angle. Moreover, during the rotation of the measurement axis, the decoherence environment can also help the classical-to-quantum transition due to changing the direction of measurement axis.
I. INTRODUCTION
Since the quantum phenomena were observed on a microscopic scale, the quantum-to-classical transition has attracted a lot of attentions. As we all known, two crucial elements in the framework of quantum mechanics: one is the state of a physical system represented by a wave function, and another is measurement represented by non-negative operators. Moreover, the decoherence of a system from quantum state to the classical one is the main reason that the macroscopic world is classical [1, 2] , not quantum, and the decohenrence happens due to its unavoidable interactions with environments.
On the other hand, an explanation of the quantumto-classical transition comes from the measurement. J. Kofler andČ. Brukner [3] firstly attributed coarsening of measurements to the cause. Then, a lot of works about the influence of coarsening of measurements on the quantum-to-classical transition [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] appeared. They mainly focused on coarsening the measuring resolution in the final detection. There are two steps for a complete measurement process: the first step is to set a measurement reference and control it, and the second step is the final detection with the corresponding projection operator. Recently, Hyunseok Jeong, et.al [14] shed light upon the appearance of a classical world from another angle: coarsening the measurement reference. In their scheme, the control of the measurement reference is described by an appropriate unitary operator with a reference variable applied to the projection operator, and they considered the fixed degree of fuzziness in the coarsened references of measurements, which didn't change with the rotation angle of the measurement axis corresponding to the different unitary operations.
In this article, we consider the general situation: the degree of fuzziness can change in different coarsened reference based on the fact that the fuzziness of coarsened reference comes from the fuzziness of Hamiltonian ( rotation frequencies of the reference) and timing (when to do the final detection). It is found that for only the fuzziness of Hamiltonian, the degree of fuzziness in the coarsening reference measurement increases with the rotation angle, while for only fuzziness of timing, the degree of fuzziness is unchanged with the rotation angle. Further, we show that the Bell function |B| decreases with the fuzziness, when |B| ≥ 2; when |B| < 2, it can increase with the fuzziness. And we study other ways to detect the quantum effect (B > 2), such as changing the angle, frequency, and steps of rotation. Moreover, we obtain the conclusion that the decoherence environments can help to detect the quantum effect in the coarsening reference during the rotation of reference. Our results will further shed light on the fuzziness in coarsening reference measurements. The rest of this article is arranged as follows. In the Sec.II, we classify the fuzziness of coarsening reference as three kinds of fuzziness: only Hamiltonian (section A), only timing (section B), and both of Hamiltonian and timing (section C). In the Sec.III, the decoherence environment is studied in the coarsening reference measurements. Finally, we make a conclusion in the sec.III.
II. THREE KINDS OF FUZZINESS
Consider the generic example: an infinite dimensional system with the orthonormal basis basis set |o n n=∞ n=−∞ . The dichotomic measurement O k with eigenvalues ±1 can be given by
in which,
Let us consider a type of entanglement as follows:
A unitary transform U (θ) is described by
where θ = wt represents the rotation angle, w denotes the rotation frequency, and t is the corresponding time of rotation. The coarsened version of the unitary operation applied to the projection operator O can be given as
where
is the normalized Gaussian kernel with standard deviation ∆, which quantifies the degree of fuzziness in the coarsened measurement reference.
The fuzziness of rotation angle θ 0 = w 0 t 0 comes from the fuzziness of w 0 and t 0 . So it is necessary to explore the fuzziness of rotation angle from the following three aspects:
A. Coarsening the rotation frequency w0
Due to the fuzziness of Hamiltonian which performs the unitary operation, the rotation angle is coarsened. The corresponding fuzzy version of the rotation frequency w 0 can be written as a Gaussian distribution:
Then, the coarsened version of the unitary operation can be described as
where the rotation angle θ 0 = w 0 t, and ∆ θ0 = ∆ w0 θ 0 /w 0 . It means that the degree of fuzziness in coarsening the measurement reference increases with the rotation angle θ 0 . Let us consider to rotate the reference with many steps. For example, one first rotates the reference with the angle θ 0 /2. Following that, rotate the reference with another angle θ 0 /2. The reference is rotated with angle θ 0 in total. But, due to the two times adjustment of unitary operation, the degree of fuzziness ∆ θ0 | 0→θ0/2→θ0 will become different with a single rotation ∆ θ0 | 0→θ0 . Applied to the projection operator O,
where the degree of fuzziness ∆ θ0 | 0→θ0/2→θ0 = ∆ θ0 | 0→θ0 / √ 2. If one performs N rotations, the degree of fuzziness ∆ θ0 | 0→θ0/N →2θ0/N →...θ0 = ∆ θ0 | 0→θ0 / √ N . So it signifies that many steps of rotation can reduce the fuzziness of coarsening the measurement reference.
The correlation function is the expectation value of the measurement operators as
where the average is taken over entangled state |E n ab in Eq. (2) and ∆ a , ∆ b are the corresponding standard deviations for rotation angle θ a and θ b . Then, the Bell function [15, 16] can be obtained as
where the subscript i = 1, 2, 3, 4 distinguishes the degree of fuzziness ∆ for the same rotation angle θ in different joint measurements. Choose the value of parameter: ∆ xi = 0 for x = a, b and i = 1, 2, 3 ( the corresponding rotation frequency w 0 close to infinity); ∆ a4 = 0 or ∆ a4 = 0 (corresponding frequency w 0 close to 0); θ a = θ b = 0 and θ ′ a = θ ′ b = 2π . Based on the simple calculation, we find that the maximum of Bell function |B| ≈ 3 > 2 √ 2 for both quantum state and classical one. It means the Bell function can't show the difference between quantum and classical for changed degree of fuzziness ∆. So the Bell function should be defined as
In this definition, we obtain that as the result in the ref. [14] , the Bell function |B| decreases with the degree of fuzziness ∆ w0 for |B| ≥ 2. It is proved as follows:
To note that correlation function |E| ≤ 1 and the Bell function |B| ≥ 2, we can obtain that the differential coefficient decreases with ∆ w0 . However, when |B| < 2, the Bell function can increase with ∆ w0 , as shown in Fig.1 . The reason is that the degree of coarsening the measurement reference changed with the rotation angle.
And we obtain that no matter how much the degree of fuzziness ∆ w0 , the quantum effects (|B| > 2) can be observed by reducing the rotation angle. Simply verify it: for the parameter θ a = θ b = 0, θ 
B. Coarsening the rotation time t0
When the rotation frequency w 0 can be controlled precisely, the fuzziness of reference can come from the coarsened timing. Similar with the above section, the Gaussian distribution of rotation time t is given by
where the rotation angle θ 0 = w 0 t 0 , and ∆ θ0 = ∆ w0 w 0 . It means that for the fixed rotation frequency, the degree of fuzziness in coarsening the measurement reference is unchanged with the rotation angle θ 0 . So it is just the situation considered in the ref. [14] . Here, the Bell function B follows the definition in the Eq.(10). And it is easy to verify that the Bell function |B| decreases with the degree of fuzziness ∆ t0 . Contrary with the situation in the above section, the many steps of rotation will increase the degree of coarsening reference:
where N is the steps of rotation. It is because that the many steps of rotation increase the times of timing.
C. coarsening both rotation frequency and time
The more general situation is that both the rotation frequency and time are coarsened. Now the coarsened version of the unitary operation can be described as:
So the distribution of rotation angle is obtained:
From Fig.2 and Fig.3 , we can see that the function P ∆ θ 0 (θ − θ 0 ) isn't a Gaussian distribution, the central value isn't at θ 0 = w 0 t 0 as expected, and it's discontinuous at θ = 0. As shown in Fig.4 , it is continuous only when the rotation time t 0 = 0. 
III. DECOHERENCE ENVIRONMENT
Any system inevitably suffers from the surrounding environment. We consider that during the rotation, decoherence environment has an effect on the system. Let us consider that a classical environment (for example, random telegraph noise) contacts with the spin system. The interaction Hamiltonian can be written as H int = β(t)σ z [17, 18] ( ≡ 1), where β(t) = ±γ with equal probability.
We first discuss about the fuzziness of reference from coarsened rotation frequency. Apply the interaction Hamiltonian H int and the rotation Hamiltonian wσ x to the projection operator O = σ z , As shown in Fig.5 and Fig.6 , the decoherence environment can help to detect the quantum effects. Intuitively, the cause is that the decoherence environment changes the direction of the measurement axis, not along the X axis.
Then we consider the situation about the fuzziness of reference from coarsened timing. In the decoherence environment, we find an abnormal phenomenon: the Bell function B can increase with the standard deviation ∆ t0 .
IV. CONCLUSION
We explore the origination of coarsened reference, and attribute it to the fuzziness of rotation frequency and time. As a result, the degree of fuzziness in coarsening the reference increases with the rotation angle for the coarsened rotation frequency, otherwise it is unchanged. For the coarsened rotation frequency, the degree of fuzziness of reference decreases with the central frequency and steps of rotation. On the contrary, it increases for the coarsened rotation time. For both coarsened rotation frequency and time, the rotation angle distribution will not be Gaussian and center around the expected value, which could influence the value of Bell function. Finally we study a simple classical decoherence environment during the rotation. Counterintuitively, the decoherence can help to increase the value of Bell function for detecting quantum effect. It is interesting to research the complex environment and the Bell inequalities for many particles in the coarsened reference [19, 20] . We believe that this article will deepen the understanding of coarsened reference in the quantum-to-classical transition and how to control the measurement reference.
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